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MISLIN GENUS OF MAPS
JIANZHONG PAN AND MOO HA WOO
Abstract. In this paper, we prove that the Mislin genus of a (co-
)H-map between (co-)H-spaces under certain natural conditions is
a finite abelian group which generalizes results in Zabrodsky[9] ,
McGibbon[6] and Hurvitz[5]
1. Introduction
Let X be a nilpotent connected CW complex of finite type and X(p)
be the p-localization. The Mislin genus[7] of X is the set G(X) of the
homotopy types of nilpotent connected CW complexes Y of finite type
such that Y(p) ≃ X(p) for all prime p. In general G(X) is not trivial.
The first general result about Mislin genus is that of Wilkerson:
Theorem 1.1. [8] Let X be a 1-connected CW-complex of finite type.
If Hn(X,Z) = 0 for n sufficiently large or pin(X) = 0 for n sufficiently
large , then G(X) is finite.
In general it is difficult to determine the set G(X). An exceptional
case is the following result of Zabrodsky[9][10].
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Theorem 1.2. Let X be a 1-connected rational H-space (i.e., space of
finite type such that its rationalization is an H-space) with only finitely
number of nontrivial homotopy groups. Then the following is an exact
sequence
[X,X ]tˆ
d
→ (Z∗
tˆ
/± 1)l
ξ
→ G(X)→ 0
where tˆ is a certain positive integer depending on X , l is the number
of integers k with QHk(X ;Q) 6= 0 and [X,X ]tˆ is the set of homotopy
classes of the self-maps of X which are tˆ-equivalences.
Remark 1.3. QH∗(X ;Q) in the above Theorem is the indecomposable
module of the algebra H∗(X,Q) over Q.
Recently McGibbon [6] generalized this to the case of connected
nilpotent rational H-space and to the case of 1-connected rational co-
H-space.
On the other hand Hurvitz[5] introduced the genus of maps as follows
Definition 1.4. Let f : X → Y be a map between two nilpotent
connected CW complexes X, Y . The genus G(f) of f is defined to
be the set of equivalence classes of maps f ′ : X ′ → Y ′ such that for
each prime p there exist homotopy equivalences hp : X
′
(p) → X(p) and
kp : Y
′
(p) → Y(p) satisfying f(p)hp ≃ kpf
′
(p), where two maps f
′
i : X
′
i → Y
′
i
, i = 1, 2, are equivalent if there exist homotopy equivalences g : X ′1 →
X ′2 and h : Y
′
1 → Y
′
2 such that f
′
2g ≃ hf
′
1.
Let [f, f ]t be the set of equivalence classes of pairs (h, k) of t-equivalences
h : X → X , k : Y → Y satisfying kf ∼ fh where t is a positive integer.
One of the main results in Hurvitz’s paper is the following extension
of Zabrodsky’s result.
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Theorem 1.5. Let f : X → Y be an H-map between H-spaces such
that H∗(X,Q) and H∗(Y,Q) are primitively generated and H∗(f,Q) is
either a monomorphism , an epimorphism , an isomorphism or zero.
Then G(f) admits an abelian group structure and there exist integers
k and tˆ (depending on X, Y and f) and an exact sequence
[f, f ]tˆ
α′
→ [Z∗
tˆ
/± 1]k
ξˆ
→ G(f)→ 0
The main result in this paper is the following
Theorem 1.6. Let f : X → Y be an H-map between H-spaces such
that H∗(X,Q) and H∗(Y,Q) are primitively generated . Then G(f)
admits an abelian group structure and there exist integers k and tˆ (de-
pending on X, Y and f) and an exact sequence
[f, f ]tˆ
α′
→ [Z∗
tˆ
/± 1]k
ξˆ
→ G(f)→ 0
where
k =


l(X) if H∗(f,Q) is an isomorphism
l(X) + l(Y ) otherwise
and l(X) is the number of i such that pii(X)
⊗
Q 6= 0 while tˆ will be
defined in Section 2.
Remark 1.7. Obviously the restriction on H∗(f,Q) in Hurvitz’s result
has been removed .
It is not clear if Hurvitz’s original approach can be extended to get
the dual result . Combining Hurvitz’s and McGibbon’s approaches we
are able to extend the above result to the dual case as follows:
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Theorem 1.8. Let f : X → Y be a co-H-map between co-H-spaces
with coprimitive generated homotopy Lie algebras . Then G(f) admits
an abelian group structure and there exist integers k and tˆ (depending
on X, Y and f) and an exact sequence
[f, f ]tˆ
α′
→ [Z∗
tˆ
/± 1]k
ξˆ
→ G(f)→ 0
where
k =


l(X) if pi∗(f)
⊗
Q is an isomorphism
l(X) + l(Y ) otherwise
and l(X) is the number of i such that Hi(X,Q) 6= 0 while tˆ will be
defined in Section 3.
Remark 1.9. There are similar results for GY (f) and G
X(f) as defined
in [5]. We will omit these quite clear extensions.
Remark 1.10. The analogue of rational (co-)H-space for map should
be rational (co-)H-map between rational (co-)H-spaces. Although we
are unable to extend the main results in this paper to the general case
until now, we do believe that it is true at least for rational (co-)H-map
between rational (co-)H-spaces with (co-)primitively generated rational
(homotopy Lie algebras) cohomology rings.
All spaces considered in this paper are based and of the homotopy
type of 1-connected CW complexes of finite type. For simplicity 0 will
be included into the set of primes. All spaces are assumed to have finite
number of nontrivial homotopy groups when we are dealing with genus
of H-map while spaces are assumed to have finite number of nontrivial
homology groups when we are concerned with genus of co-H-map.
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Zt is the ring of modt integers and Z
∗
t is the group of units in Zt.
A map is said to be t-equivalence if it is p-equivalence for all prime p
dividing t.
2. Genus of maps between H-spaces
First we fix some notations. Let (X, µ) be an H-space. We shall
denote by + the operation on [Z,X ] induced by µ , by φn the n-th
power map
φn = µ(µ× 1) · · · (µ× 1× · · · × 1) ◦ (∆× 1× · · · × 1) · · ·∆
where ∆ denotes the diagonal map.
In general the product µ is not assumed to have an inverse. Never-
theless we have the following elementary but important result
Lemma 2.1. If (X, µ) is an H-space, then [W,X ] is an algebraic loop
for any space W, i.e., for any two maps f, g ∈ [W,X ] there exists a
unique Df,g ∈ [W,X ] such that Df,g + g = f .
Lemma 2.2. Let h : X1 → X2 be an H-map and g : W1 → W2 be a
map. For any two maps f1,f2 ∈ [W2, X1], we have
hDf1,f2 = Dhf1,hf2 and (Df1,f2)g = Df1g,f2g.
Remark 2.3. For the proof of the lemmas above, see [9]
For simplicity, denote Df,g by f − g. Define
µ¯ = µ− pi1 − pi2
where pi1, pi2 are projections from X × X to its factors. Then for any
coefficient A , define
PH∗(X,A) = kerH∗(µ¯,A)
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Now let X be a rational H-space with only finitely nontrivial ho-
motopy groups. Denote by K(X) the generalized Eilenberg-MacLane
space with homotopy groups pi∗(X)/torsion. Let ∆¯ : X → X
∧
X
denote the reduced diagonal map. Define PH∗(X,Z) to be kernel of
H∗(∆¯,Z) . Let σn : pin(X)→ PH∗(X,Z) be the obvious quotient map
of the Hurewicz homomorphism. Since X is a rational H-space , the
map σn has a finite kernel and cokernel for each n. Define
tn(X) = exp(cokerσn+1)exp(kerσn)
t(X) =
∏
n≤N(X)
tn(X)
where , for a given finite abelian group G, expG is the smallest integer
n ≥ 1 such that ng = 0 for all g ∈ G and N(X) is the least integer
such that pin(X) = 0 for every n > N(X) .
Let sn(X) = exp(torsion(H
n(X,Z))) when QHn(X,Q) 6= 0 and
sn(X) = 1 otherwise. Let s(X) be the sequence of integers {s1(X), s2(X)
, · · · } . If f : X → Y is a map , then s(f) is defined to be the sequence
of integers {s1(X)s1(Y ), s2(X)s2(Y ), · · · } .
On the other hand , given a H-space X with primitively generated
H∗(X,Q) and a sequence of integers s = {s1, s2, · · · } , an s-maximal
map for X is a map ϕX : X → K(X) such that for each n there exist
{x1, · · · , xr} ∈ H
n(X,Z) which projects to a basis of PHn(X,Q) and
a basis {ι1, · · · , ιr} for PH
n(K(X),Z)/torsion with (ϕX)
∗(ιi) = snxi.
If X is an H-space and ϕX is an H-map, then the maximal map will be
called primitive. An elementary but useful result is as follows:
Lemma 2.4. sntn(X) can be divided by the integer exp(pin(fiber(ϕX)))
for an s-maximal map of X .
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Remark 2.5. Any s(X)-maximal map of an H-space X is primitive.
Now we define the integer tˆ in Theorem1.6 as follow:
Definition 2.6. Given an H-map f : X → Y between two H-spaces,
tˆ = t(X)(t(Y ))2
∏
n≤max(N(X),N(Y ))
sn(X)sn(Y )
Let f : X → Y be a map between two rational H-spaces with prim-
itively generated rational cohomology and s be a sequence of integers
{s1, s2, · · · }. Then an s-maximal map for f is a homotopy commutative
diagram
X
f
−−−→ Y
ϕX
y ϕY
y
K(X)
fX−−−→ K(Y )
where ϕX , ϕY are s-maximal maps. If the map f is also an H-map, then
an s-maximal map for f is called primitive if fX , ϕX , ϕY are H-maps.
Remark 2.7. Any s(f)-maximal map for f is primitive.
In this section we will prove Theorem 1.6. Before that , however, we
need several preliminary results .
Theorem 2.8. Let X be an H-space with primitively generated H∗(X,Q)
and with only finitely nontrivial homotopy groups and W be any space.
Then
(i)For every map f : Wp → Xp, there exist an integer n and a map
g :W → X such that (n, p) = 1 and g(p) ∼ φnf .
(ii)Given two maps f1, f2 : W → X so that ϕXf1 ∼ ϕXf2 where
ϕX : X → K(X) is a primitive s-maximal map, then φt′f2 ∼ φt′f1
where t′ =
∏
n≤N(X)
tn(X)sn.
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Proof. The statement (i) is essentially the same as that of Theorem 2.1
in [5].
To prove the part (ii),it suffices to prove that φt′k ∼ ∗ by Lemma
2.2 where k = Df1,f2. The given conditions and Lemma 2.2 imply that
ϕXk ∼ ∗. The result follows from an induction by Postnikov tower of
map ϕX , see the proof of Theorem 3.8 for details of a dual proof.
Theorem 2.9. Let f : X → Y be an H-map between two H-spaces and
l be an integer with l = pw11 · · · p
ws
s . Than given two spaces X
′, Y ′, a
function f ′ : X ′ → Y ′ and homotopy equivalences hpi : X
′
(pi)
→ X(pi),
kpi : Y
′
(pi)
→ Y(pi) satisfying f(pi)hpi ∼ kpif
′
(pi)
, there exist l-equivalences
h : X ′ → X, Y ′ → Y so that fh ∼ kf ′.
Proof. It is Theorem 2.2 in [5]
Theorem 2.10. If f : X → Y is any map between rational H-spaces.
Suppose that an s(f)-maximal map of f is given as in the following
diagram.
X ′ X
K(X) K(X)
Y ′ Y
K(Y ) K(Y )
✲h
❄
ϕ
X′
✁
✁
✁
✁
✁
✁
✁
✁✁☛
f ′
❄
ϕX
✁
✁
✁
✁
✁
✁
✁
✁✁☛
f
✲α
✁
✁
✁
✁
✁
✁
✁
✁☛
g
✁
✁
✁
✁
✁
✁
✁
✁☛
g
❄
ϕ
Y ′
✲k
❄
ϕY
✲β
Then for every pair (α, β), where α : K(X)→ K(X) and β : K(Y )→
K(Y ) are tˆ-equivalences such that βg ∼ gα, there exist a map f ′ : X ′ →
MISLIN GENUS OF MAPS 9
Y ′, f ′ ∈ G(f) and tˆ-equivalences h : X ′ → X and k : Y ′ → Y such that
the every diagram in the following cube commutes up to homotopy and
ϕX′, ϕY ′ are s(f)-maximal maps.
Remark 2.11. It is easy to know that, if α, β are homotopy equiva-
lences, then f ′ is equivalent to f .
Proof. It is Theorem 3.4 in [5].
Theorem 2.12. Let f : X1 → X2 be an H-map between H-spaces
such that H∗(X1,Q) and H
∗(X2,Q) are primitively generated. Let
f ′ : Y1 → Y2 be a map between rational H-spaces. Choose s(f)-maximal
maps fX , f
′
Y for f, f
′ respectively so that the maximal map for f is
primitive.
Then given a pair of maps (α1, α2) as in the following diagram sat-
isfying α2f
′
Y = fXα1, there exist mappings hi : Yi → Xi, i = 1, 2, so
that all the diagrams in the following cube commute up to homotopy.
Y1 X1
K(Y1) K(X1)
Y2 X2
K(Y2) K(X2)
✲h1
❄
ϕY1
✁
✁
✁
✁
✁
✁
✁
✁
✁✁☛
f ′
❄
ϕX1
✁
✁
✁
✁
✁
✁
✁
✁
✁✁☛
f
✲
φ
tˆ
α1
✁
✁
✁
✁
✁
✁
✁
✁
✁☛
f ′
Y
✁
✁
✁
✁
✁
✁
✁
✁
✁☛
fX
❄
ϕY2
✲h2
❄
ϕX2
✲
φ
tˆ
α2
Proof. By Proposition 1.8 in [10] , for each pair (α1, α2) in the Theorem,
there exist mappings h′i : Yi → Xi so that ϕXih
′
i ∼ ϕYiφt(X1)t(X2)αi. It
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is easy to know that ϕX2h
′
2g ∼ ϕX2fh
′
1 . Theorem 2.8 implies that
φ(t(X2))2h
′
2g ∼ φ(t(X2))2fh
′
1 ∼ fφ(t(X2))2h
′
1
since f is an H-map. The result follows by taking hi = φt′h
′
i where
t′ = tˆ/t(X1)t(X2).
Theorem 2.13. Let f be as in Theorem 1.6. Given a primitive s(f)-
maximal map g of f , there exists a commutative cube up to homotopy
as follows
X ×K(X) X
K(X)×K(X) K(X)
Y ×K(Y ) Y
K(Y )×K(Y ) K(Y )
✲ϑX
❄
ϕX×φtˆ
✓
✓
✓
✓
✓
✓
✓
✓
✓
✓
✓✴
f×g
❄
ϕX
✓
✓
✓
✓
✓
✓
✓
✓
✓
✓
✓✴
f
✲µ
✓
✓
✓
✓
✓
✓
✓
✓
✓
✓
✓✴
g×g
✓
✓
✓
✓
✓
✓
✓
✓
✓
✓
✓✴
g
❄
ϕY ×φtˆ
✲ϑY
❄
ϕY
✲µ
where ϑX , ϑY restrict to the identity on the first factor and µ are the
standard multiplication on product of Eilenberg-MacLane spaces and
left face is the given maximal map.
Proof. The proof is similar to that of Theorem 2.12 using Proposition
4.6 in [6]. Although we modified the notion of maximal map, we have
also modified the integer tˆ(X) to ensure that it remains valid.
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Theorem 2.14. Let f : X → Y be as in Theorem 1.6 . Given [f ′] ∈
G(f), then there is a commutative cube up to homotopy
X ′ X
K(X) K(X)
Y ′ Y
K(Y ) K(Y )
✲h
❄
ϕ
X′
✁
✁
✁
✁
✁
✁
✁
✁✁☛
f ′
❄
ϕX
✁
✁
✁
✁
✁
✁
✁
✁✁☛
f
✲α
✁
✁
✁
✁
✁
✁
✁
✁☛
g
✁
✁
✁
✁
✁
✁
✁
✁☛
g
❄
ϕ
Y ′
✲k
❄
ϕY
✲β
where h, k are tˆ-equivalences , all the vertical maps are maximal maps,
the back and front face diagrams are homotopy pullback diagrams and
α =
∏
i
αi : K(X)→ K(X), β =
∏
j
βj : K(Y )→ K(Y )
where
αi : K(pii(X)/torsion, i)→ K(pii(X)/torsion, i)
βj : K(pij(Y )/torsion, j)→ K(pij(Y )/torsion, j)
and
K(X) =
∏
i
K(pii(X)/torsion, i), K(Y ) =
∏
j
K(pij(Y )/torsion, j)
Proof. Take tˆ-equivalences h : X ′ → X, k : Y ′ → Y as granted by
Theorem 2.9 so that fh ∼ kf ′. We will try to define the other
maps in the above diagram so that the Theorem is true. Without
loss of generality, we can assume that there is only one l such that
pii(X)
⊗
Q = pii(Y )
⊗
Q = 0 if i 6= l. Choose rational H-space struc-
tures on X ′, Y ′ such that h(0), k(0), f
′
(0) are H-maps. It is always possible
to choose bases{x1, · · · , xr1} for PH
l(X,Z)/torsion and {x′1, · · · , x
′
r2
}
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for PH l(Y,Z)/torsion so that PH∗(f,Z)/torsion is diagonal with re-
spect to these bases and {x1, · · · , xr1} and {x
′
1, · · · , x
′
r2
} are bases
for PH∗(X,Q) and PH∗(Y,Q). Let ϕX , ϕY be defined by sl(f)xi =
(ϕX)
∗(ιi) and sl(f)x
′
j = (ϕY )
∗(ι′j) where {ι1, · · · , ιr1} is a basis for
H l(K(X),Z)/torsion and {ι′1, · · · , ι
′
r2
} is a basis forH l(K(Y ),Z)/torsion.
Then g is also of the diagonal form under the bases. Choose elements
{y1, · · · , yr1} ∈ H
l(X ′,Z) and {y′1, · · · , y
′
r2
} ∈ H l(Y ′,Z) such that they
projects to bases of PH∗(X ′,Q) and PH∗(Y ′,Q) respectively. Define
the maps ϕX′, ϕY ′ similarly. Since k, h are tˆ-equivalences and rational
H-maps, we can write
(h)∗(xi) =
∑
λii′yi′ + vi, (k)
∗(x′j) =
∑
λ′jj′y
′
j′ + wj
where det λii′ , detλ
′
jj′ are prime relative to tˆ and vi, wj are torsions.
Certainly we can find v¯i and w¯j so that
(h)∗(xi) =
∑
λii′(yi′ + v¯i′), (k)
∗(x′j) =
∑
λ′jj′(y
′
j′ + w¯j′)
Let ϕX′ be the map which sends each ιi to sl(f)(yi + v¯i) and ϕY ′
be the map which sends each ι′j to sl(f)(y
′
j + w¯j) and set β, α to be
the maps which send ιi and ι
′
j to
∑
λii′ιi′ and
∑
λ′jj′ι
′
j′ respectively.
Obviously what we have to verify is that ϕY ′f
′ ∼ gϕX′. It is easy
to know from diagram chasing argument that βϕY ′f
′ ∼ βgϕX′. Now
(ϕY ′f
′)∗(ιi)− (gϕX′)
∗(ιi) = ui which are torsion of order dividing tˆ for
all i. ui = 0 for all i iff
∑
λii′ui′ = 0 for all i iff βϕY ′f
′ ∼ βgϕX′ since
det λii′ is prime relative to tˆ. Now it is clear that the front and back
squares are homotopy pullback.
Proof of Theorem 1.6. Without loss of generality, we can assume that
there is an integer l such that pii(X)
⊗
Q = pii(Y )
⊗
Q = 0 if i 6= l. By
Theorem 2.10 and Theorem 2.14 it follows that there exists a surjection
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ξ : T → G(f) where
T = {(α, β)|βg ∼ gα, α and β are tˆ-equivalences}.
In other words, there is a surjection ξ′ : T ′ → G(f) where
T ′ = {(A1, A2)|Ai ∈M(Z, ri), (detAi, tˆ) = 1, i = 1, 2, A2C = CA1}
where M(Z, n) is the set of n × n matrices and A1, A2, C represents
α, β, g respectively.
Given (A1, A2), (B1, B2) ∈ T
′
such that detAi ≡ detBi (mod tˆ) for
i = 1, 2, then an elementary calculation shows that A1 = B1G1 +
tˆH1, A2 = B2G2 + tˆH2, (G1, G2) ∈ T
′
, detG1 ≡ detG2 ≡ 1(modtˆ)
and H2C = CH1. Claim 2.15 implies that we can assume detG1 =
detG2 = 1. It follows from Theorem 2.14 and Theorem 2.13 and
Remark 2.11 that ξ
′
(A1, A2) = ξ
′
(B1, B2). Thus ξ
′
factors through the
map det : T
′
→ (Z∗
tˆ
)l(X)+l(Y ). The rest of the proof is the same as that
of Hurvitz[5].
Claim 2.15. Given G1, G2 with detG1 ≡ detG2 ≡ 1(modtˆ) and (G1, G2) ∈
T ′. There exist H1 ∈ GL(Z, r1), H2 ∈ GL(Z, r2) such that (H1, H2) ∈
T ′ and G1H1 = Id+ tˆH
′
1, H2G2 = Id+ tˆH
′
2
Proof. Assume, without loss of generality, that the m1 × m2 matrix
C has entries zero unless those on diagonal. Then (G1, G2) ∈ T
′ is
equivalent to the equations
(G1)ijcjj = cii(G2)ij, for 0 ≤ i, j ≤ l0
(G2)ij = 0 for i ≤ l0 and j > l0
(G1)ij = 0 for j ≤ l0 and i > l0
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where cii, 0 ≤ i ≤ l0, are the nontrivial terms in matrix C. The proof of
the existence of the matrices H1, H2 with the prescribed properties will
be given by mathematical induction and it is obvious for l = 1. Assume
it is also true for l < s, we will prove it for l = s. If l0 < m1, using
elementary matrix we can find H1 ∈ GL(Z, r1) such that (H1, Id) ∈ T
′
and we have the following modulo tˆ equation
(G1H1)ij =


0 if i = m1, l0 < j < m1
1 if i = m1, j = m2
(G1)ij otherwise
Similarly we can find H2 ∈ GL(Z, r2) if l0 < m2 with similar properties.
It follows that we can assume l0 = m1 = m2. In this case (G1, G2) ∈ T
′
is equivalent to the equations
(G1)ijcjj = cii(G2)ij, for i, j ≤ l0
The equations above imply that G1 and G2 are determined by one
matrix. Thus the result follows from the corresponding result in the
one matrix case.
3. Genus of co-H-maps between co-H-spaces
As in the last section we fix some notations first. Throughout this
section all spaces will be 1-connected finite CW complexes with ra-
tional co-H-space structures. Given space X , let M(X) denote the
bouquet of spheres whose reduced integral homology is isomorphic to
H˜∗(X,Z)/torsion. For any space X , let Qpi∗(X) denote the quotient of
pi∗(X) by the subgroup generated by all Whitehead products in pi∗(X).
An s-maximal map from M(X) to X is one that satisfies a condition
dual to that in the rational H-space case. A s-maximal map of a co-H-
space is called coprimitive if it is a co-H-map.
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Let sn(X) = exp(torsion(pik(X))) whenQpin(X)
⊗
Q 6= 0 and sn(X) =
1 otherwise. Let s(X) be the sequence of integers {s1(X), s2(X), · · · }
. If f : X → Y is a map , then s(f) is defined to be the sequence of
integers {s1(X)s1(Y ), s2(X)s2(Y ), · · · } .
On the other hand , let σn : Qpin(X)/torsion→ Hn(X,Z) be induced
by the Hurewicz homomorphism. Since X is a rational co-H-space, σn
has finite kernel and finite cokernel for each n. Define
tn(X) = exp(cokerσn+1)exp(kerσn)
and
t(X) =
∏
n≤N(X)
tn(X)
where N(X) is the least integer so that , for every n > N(X), Hn(X) =
0. As in the last section, we have the following
Lemma 3.1. sntn(X) can be divided by the integer exp(Hn(C(ϕX),Z))
where C(f) is the homotopy cofiber of f and ϕX is an s-maximal map
of X.
Remark 3.2. Any s(X)-maximal map of a co-H-space is also coprimi-
tive.
Now we define as before an integer tˆ in Theorem 1.8 as follow
Definition 3.3. Given a co-H-map f : X → Y between two co-H-
spaces,
tˆ = t(X)(t(Y ))2
∏
n≤max (N(X),N(Y ))
sn(X)sn(Y )
LetX be a rational co-H-space, we say pi∗(X)
⊗
Q is coprimitive gen-
erated as Lie algebra if there exists a Lie algebra basis {x1, · · · , xn} ∈
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pi∗(X)
⊗
Q ∼= pi∗(X(0)) such that xi is represented by a co-H-map
Sj → X(0).
Let f : X → Y be a map between two rational co-H-spaces with
coprimitive generated rational homotopy groups. Then an s-maximal
map for f is a homotopy commutative diagram
X
f
−−−→ Y
ϕX
x ϕY
x
M(X)
fX−−−→ M(Y )
where ϕX , ϕY are s-maximal maps. If the map f is also a co-H-map,
then an s-maximal map for f is called coprimitive if fX , ϕX , ϕY are
co-H-maps.
Remark 3.4. Any s(f)-maximal map of a co-H-map f is coprimitive.
In this section we will prove Theorem 1.8. As before , we need several
preliminary results which are dual to those in the previous section. Let
(X, ν) be a co-H-space. We shall denote by + the operation on [X,W ]
induced by ν , by ηn the map
ηn = F · · · (F ∨ 1 ∨ · · · ∨ 1) ◦ (ψ ∨ 1 ∨ · · · ∨ 1) · · · (ψ ∨ 1)ψ
where F denotes the folding map.
In general the product ν is not assumed to have an inverse. Never-
theless we have the following elementary but important result
Lemma 3.5. If (X, ν) is a co-H-space, then [X,W ] is an algebraic
loop for any space W , i.e., for any pair f, g ∈ [X,W ] there exists a
unique Df,g ∈ [X,W ] such that Df,g + g = f.
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Lemma 3.6. Let h : X1 → X2 be a co-H-map and g : W1 → W2 be a
map. For any pair f1, f2 ∈ [X2,W1], we have (Df1,f2)h = Df1h,f2h and
gDf1,f2 = Dgf1,gf2 .
Remark 3.7. The proof of the lemmas above are dual to that in [9]
The dual of Theorem 2.8 is
Theorem 3.8. Let X be a 1-connected co-H-space and W be a space
with a finite number of nontrivial homotopy groups. Then we have the
following:
(i)For every map f : X(p) → W(p) there exist an integer n, (n, p) = 1 ,
and a map f¯ : X → W so that f¯(p) ∼ fηn.
(ii) If two maps f1, f2 : X → W satisfy f1ϕX ∼ f2ϕX , then f2ηt′ ∼
f1ηt′ where ϕX : M(X) → X is a coprimitive s-maximal map and
t′ =
∏
n≤N(X)
tn(X)sn.
The part (i) is dual to Theorem 2.1(i) in [5], so we will only give a
detailed proof of the part (ii) .
Proof. As mentioned before, the maximal map ϕX as in the Theorem
exists. Let k = Df1,f2. It suffices to prove that kηt′ ∼ ∗ by Lemma 3.6.
The given condition and Lemma 3.6 imply that kϕX ∼ ∗. Now consider
the Moore-Postnikov decomposition of the map ϕX : M(X) → X . A
typical term in the decomposition fits into the following
X(n)
g(n)
−−−→ X(n+1)x
y
M(X)
ϕX
−−−→ X
where X(0) = M(X) and map X(n) → X(n+1) is the mapping cone of
a map k(n) : M(Hn+1(C(ϕX),Z), n) → X
(n) and M(G, n) is the type
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G− n Moore space :
H˜i(M(G, n),Z) =


G if i = n
0 if i 6= n
By the condition on X , there is an integer s such that X(s) = X . Let
tn =
∏
i≤n ti(X)si. We will prove that knηtn ∼ ∗ where kn : X
(n) → W
is the map induced by k : X → W which will completes the proof since
for n = s, k = kn and t
′ = tn. We will proceed by induction. It is
obvious for the case n = 0 . If the statement is true for n , we want to
prove it for n+ 1. From the cofibration
M(Hn+1(C(ϕX),Z), n)→ X
(n) → X(n+1)
the following exact sequence is exact:
[M(Hn+1(C(ϕX),Z), n+ 1),W ]→ [X
(n+1),W ]→ [X(n),W ]
Now (ηtn)
∗(g(n))∗(kn+1) = (ηtn)
∗kn = 0 . Since g
(n) is a co-H-map, it
follows by Theorem 4.1 that kn+1ηtn belongs to image of the group
[M(Hn+1(C(ϕX),Z), n+ 1),W ] which has exponent dividing tn+1(X).
Therefore it follows that kn+1ηtn+1sn+1 ∼ ∗ which completes the induc-
tion.
The result dual to Theorem 2.9 is
Theorem 3.9. Let f : X → Y be a co-H-map between two co-H-
spaces, l be an integer with l = pw11 · · · p
ws
s . Given two spaces X
′, Y ′, a
function f ′ : X ′ → Y ′ and homotopy equivalences hpi : Xpi → X
′
pi
, kpi :
Ypi → Y
′
pi
satisfying kpif(pi) ∼ f
′
(pi)
hpi, then there exist l-equivalences
h : X → X ′, Y → Y ′ so that kf ∼ f ′h.
Proof. The proof is exactly the dual of that of Theorem 2.2 in [5].
The following is what is dual to Theorem 2.10
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Theorem 3.10. If f : X → Y is any map between rational co-H-
spaces , Suppose that an s(f)-maximal map of f is given as in the
following diagram.
M(X) M(X)
X X ′
M(Y ) M(Y )
Y Y ′
✲α
❄
ϕX
✁
✁
✁
✁
✁
✁
✁
✁✁☛
g
❄
ϕ
X′
✁
✁
✁
✁
✁
✁
✁
✁✁☛
g
✲h
✁
✁
✁
✁
✁
✁
✁
✁
✁☛
f
✁
✁
✁
✁
✁
✁
✁
✁
✁☛
f ′
❄
ϕY
✲β
❄
ϕ
Y ′
✲k
Then for every pair (α, β) where α : M(X) → M(X), β : M(Y ) →
M(Y ) are tˆ-equivalences such that βg ∼ gα, there exist a map f ′ :
X ′ → Y ′, f ′ ∈ G(f) and tˆ-equivalences h : X → X ′ and k : Y → Y ′
so that the every diagram in the above cube commutes up to homotopy
and ϕX′ , ϕY ′ are s(f)-maximal maps.
Remark 3.11. It is easy to know that, if α, β are homotopy equiva-
lences, then f ′ is equivalent to f .
Proof. The proof is dual to that of Theorem 3.4 in [5].
That Dual to Theorem 2.12 is the following
Theorem 3.12. Let f : X1 → X2 be a co-H-map between co-H-spaces
such that pi∗(X1)
⊗
Q and pi∗(X2)
⊗
Q are coprimitively generated.
Let f ′ : Y1 → Y2 be a map between rational co-H-spaces. Choose
s(f)-maximal maps fX , f
′
Y for f, f
′, respectively, so that the maximal
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map for f is coprimitive. Then given a pair of maps (α1, α2) satis-
fying α2fX = f
′
Y α1 as in the following diagram, there exist mappings
hi : Xi → Yi, i = 1, 2, so that all the diagrams in the following cube
commute up to homotopy.
M(X1) M(Y1)
X1 Y1
M(X2) M(Y2)
X2 Y2
✲
α1ηtˆ
❄
ϕX1
✁
✁
✁
✁
✁
✁
✁
✁
✁✁☛
fX
❄
ϕY1
✁
✁
✁
✁
✁
✁
✁
✁
✁✁☛
f ′
Y
✲h1
✁
✁
✁
✁
✁
✁
✁
✁
✁✁☛
f
✁
✁
✁
✁
✁
✁
✁
✁
✁✁☛
f ′
❄
ϕX2
✲
α2ηtˆ
❄
ϕY2
✲h2
Proof. An exactly dual proof can be given for Theorem 2.12 , except
that, instead of using Theorem 2.8 and Proposition 1.8 in [10] , we ap-
peal to Theorem 3.8 and Theorem 3.13 below which is dual to Propo-
sition 1.8 in [10].
Theorem 3.13. Let X be a finite co-H-space and ϕX : M(X) → X
be a s-maximal map and g : M(X) → W be any map into a space W .
Then there exists a map h : X →W such that hϕX ∼ gηt(X).
Proof. Let ϑ : X → X
∨
M(X) be the co-action given in Proposition
5.6 [6] with respect to maximal map ϕX . Then h is the composite
X
ϑ
→ X
∨
M(X)
gηt(X)
∨
id
−→ W
∨
X
∇
→W where ∇|W = id and ∇|X = ∗.
It is easy to verify that h is what we want.
Theorem 3.14. Let f be as in Theorem 1.8. Given a coprimitive s(f)-
maximal map g of f , there exists a commutative cube up to homotopy
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as follows
M(X) M(X)
∨
M(X)
X X
∨
M(X)
M(Y ) M(Y )
∨
M(Y )
Y Y
∨
M(Y )
✲ν
❄
ϕX
✓
✓
✓
✓
✓
✓
✓
✓
✓
✓
✓✓✴
g
❄
ϕX
∨
η
tˆ
✓
✓
✓
✓
✓
✓
✓
✓
✓
✓
✓✴
g
∨
g ✲ϑX
✓
✓
✓
✓
✓
✓
✓
✓
✓
✓
✓
✓✴
f
✓
✓
✓
✓
✓
✓
✓
✓
✓
✓
✓✴
f
∨
g
❄
ϕY
✲ν
❄
ϕY
∨
η
tˆ
✲ϑX
where ϑX , ϑY project to the identity on the first factor and ν are the
standard multiplication on bouquet of spheres.
Proof. The proof is similar to that of Theorem 2.12 using Proposition
5.6 in[6].
Theorem 3.15. Let f : X → Y be as in Theorem 1.8 . Given [f ′] ∈
G(f), then there is a commutative cube up to homotopy
M(X) M(X)
X X ′
M(Y ) M(Y )
Y Y ′
✲α
❄
ϕX
✁
✁
✁
✁
✁
✁
✁
✁✁☛
g
❄
ϕ
X′
✁
✁
✁
✁
✁
✁
✁
✁✁☛
g
✲h
✁
✁
✁
✁
✁
✁
✁
✁
✁☛
f
✁
✁
✁
✁
✁
✁
✁
✁
✁☛
f ′
❄
ϕY
✲β
❄
ϕ
Y ′
✲k
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where h, k are tˆ-equivalences, the vertical maps are all s(f)-maximal
maps , the back and front face diagrams are homotopy pushout diagrams
and
α =
∨
i
αi :M(X)→ M(X), β =
∨
j
βj :M(Y )→ M(Y )
where
αi :M(Hi(X,Z)/torsion, i)→M(Hi(X,Z)/torsion, i)
βj :M(Hj(Y,Z)/torsion, j)→ M(Hj(Y,Z)/torsion, j)
and
M(X) =
∑
i
M(Hi(X,Z)/torsion, i),M(Y ) =
∑
j
M(Hj(Y,Z)/torsion, j)
Proof. Take tˆ-equivalences h : X → Y, k : Y → Y ′ as granted by
Theorem 3.9 such that kf ∼ f ′h. We will try to define the other
maps in the above diagram so that the Theorem is true. As in the
dual case , we can assume there is only one l such that Hi(X,Q) =
Hi(Y,Q) = 0 if i 6= l. Choose rational co-H-space structures on X
′, Y ′
such that h(0), k(0), f
′ are co-H-maps. As in the dual case we can choose
elements {x1, · · · , xr1} ∈ pi∗(X), {x
′
1, · · · , x
′
r2
∈ pi∗(Y ) , {y1, · · · , yr1} ∈
pi∗(X
′) and {y′1, · · · , y
′
r2
} ∈ pi∗(Y
′) such that they project to bases of
pi∗(X)
⊗
Q , pi∗(Y )
⊗
Q , pi∗(X
′)
⊗
Q and pi∗(Y
′)
⊗
Q respectively.
As in the dual case pi∗(f)/torsion is of the diagonal form with respect
to these bases and
(h)∗(xi) =
∑
λii′yi′ + vi, (k)∗(x
′
j) =
∑
λ′jj′y
′
j′ + wj
where det λii′ , detλ
′
jj′ are prime relative to tˆ and vi, wj are torsions.
Certainly we can find v¯i and w¯j so that
(h)∗(xi) =
∑
λii′(yi′ + v¯i′), (k)∗(x
′
j) =
∑
λ′jj′(y
′
j′ + w¯j′)
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Let {ι1, · · · , ιr1} be a base for H∗(M(X),Z)/torsion and {ι
′
1, · · · , ι
′
r2
}
be a basis for H∗(M(Y ),Z)/torsion. Define ϕY , ϕX by sl(f)xi =
(ϕX)∗(ιi), sl(f)x
′
j = (ϕY )∗(ι
′
j) respectively and define g so that its
matrix with respect to {ι1, · · · , ιr1}, {ι
′
1, · · · , ι
′
r2
} is the same as that of
pi∗(f)/torsion . Let ϕX′ be the map which sends each ιi to sl(f)(yi+ v¯i)
and ϕY ′ be the map which sends each ι
′
j to sl(f)(y
′
j+w¯j) and set α, β to
be the maps which send ιi and ι
′
j to
∑
λii′ιi′ and
∑
λ′jj′ι
′
j′ , respectively.
Obviously the only thing we have to verify is that ϕY ′g ∼ f
′ϕX′ . It is
easy to know from diagram chasing argument that gϕY ′α ∼ f
′ϕX′α.
Now (gϕY ′)∗(ιi)−(ϕX′f
′)∗(ιi) = ui which are torsions of order dividing
tˆ for all i. ui = 0 for all i iff
∑
λii′ui′ = 0 for all i iff gϕY ′α ∼ f
′ϕX′α
since det λii′ is prime relative to tˆ.
Proof of Theorem1.8. Without loss of generality, we can assume that
there is an integer l such that Qpii(X)
⊗
Q = Qpii(Y )
⊗
Q = 0 if
i 6= l. By Theorem 3.10 and Theorem 3.15 it follows that there exists
a surjection ξ′ : T → G(f) where
T = {(α, β)|βg ∼ gα, α and β are tˆ-equivalences}.
In other words, there is a surjection ξ′ : T ′ → G(f) where
T ′ = {(A1, A2)|A1 ∈M(Z, ri), (detA1, tˆ) = 1, i = 1, 2, A2C = CA1}.
andM(Z, n) is the set of n×n matrices and A1, A2, C represent α, β, g
respectively. Given (A1, A2), (B1, B2) ∈ T
′
such that detAi ≡ detBi
(mod tˆ) for i = 1, 2, then an elementary calculation shows that A1 =
B1G1 + tˆH1, A2 = B2G2 + tˆH2 , (G1, G2) ∈ T
′
, detG1 ≡ detG2 ≡
1(modtˆ) and G2C = CH2. Claim 2.15 implies that we can assume
detG1 = detG2 = 1. It follows from Theorem 3.15 and Theorem 3.14
and Remark 3.11 that ξ
′
(A1, A2) = ξ
′
(B1, B2). Thus ξ
′
factors through
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the map det : T
′
→ (Z∗
tˆ
)l(X)+l(Y ). The rest of the proof is dual to that
of Hurvitz[5].
4. Some results about co-H-spaces
In this section we will prove a result about co-H-spaces which is
needed in the last section and which may have independent interest.
This result concerns about the relative homology decomposition of a
map . Zabrodsky had proved that the Postnikov decomposition of an
H-map consists of H-spaces and H-maps (c.f., Corollary 2.3.2 in [9]).
The dual result is also true under our assumption that all co-H-spaces
we are concerned are 1-connected.
Theorem 4.1. Let f : X → Y be a co-H-map between co-H-spaces.
Then the homology decomposition of f consists of co-H-spaces and co-
H-maps.
Remark 4.2. When the map f is the inclusion of the base point into the
space X , the homology decomposition of f is the Moore decomposition
of X . In that special case the above Theorem was already obtained by
M.Arkowitz[2] and M.Golasinski and John R. Klein[4]
To prove the Theorem above we will follow Zabrodsky’s approach
to the dual result. First let us recall results about the obstruction of
a map between co-H-spaces to be a co-H-map , see Arkowitz[1] for a
comprehensive survey about co-H-space.
Let XbX be the space of paths in X ×X beginning in X
∨
X and
ending at the base point and let i : XbX → X
∨
X assign to a path
its initial point. Then we have a short exact sequence
0→ [ΩX,Ω(XbX)]
(Ωi)∗
→ [ΩX,Ω(X
∨
X)]
(Ωj)∗
→ [ΩX,Ω(X ×X)]→ 0
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where i1, i2 are the inclusions to the first and second factors of X
∨
X .
The comultiplication ν : XX
∨
X determines an element
µX = −Ωi1 − Ωi2 + Ων ∈ [ΩX,Ω(X
∨
X)]
such that (Ωj)∗(µX) = 0. Thus there exists a unique element H(ν) ∈
[ΩX,Ω(XbX)] such that (Ωi)∗(H(ν)) = µX . We call H(ν) the dual
Hopf construction (applied to ν). It is well known that β : ΣA → X
is a co-H-map if and only if H(ν)β¯ = 0 in [A,Ω(XbX)] where ΣA has
the standard comultiplication on the suspension and β¯ is the adjoint
of the map β .
Lemma 4.3. Let f : (X, νX) → (Y, νY ) be a co-H-map between co-H-
spaces and β : ΣA→ X be a map. Then
H(νY )(Ωfβ¯) = Ω(fbf)H(νX)β¯
Proof. It follows from the equation µY (Ωfβ¯) = Ω(fbf)µX β¯ which can
be verified directly.
It is well known that XbX has the weak homotopy type of ΣΩX
∧
ΩX .
The following is a special case of a general result given by Golasinski
and Klein.
Lemma 4.4. [4] If f : X → Y is a co-H-map between co-H-spaces and
f is n-connected with n ≥ 1. Then fbf is n + 1-connected.
Remark 4.5. The authors learned of this result through the discussion
list of Hopf archive. Thanks go to all those who have shared information
about this with us.
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Proposition 4.6. Let f : (X, νX) → (Y, νY ) be a co-H-map. Suppose
f is n-connected with n ≥ 2. Given any map β : ΣM(G, n − 1) =
M(G, n)→ X so that fβ ∼ ∗, then β is a co-H-map.
Proof. By Lemma 4.3 , we have
∗ = H(νY )(∗) = H(νY )(Ωfβ¯) = Ω(fbf)H(νX)β¯
On the other hand ,H(νX)β¯ ∈ [M(G, n−1),Ω(XbX)] = pin−1(Ω(XbX), G).
Thus β is a co-H-map if H(νX)β¯ = 0. Now Ω(fbf)H(νX)β¯ = 0 . The
universal coefficient formula for homotopy group with coefficient and
Lemma 4.4 imply that Ω(fbf) induces a monomorphism which gives
the desired equation H(νX)β¯ = 0.
Proof of Theorem4.1. Now the proof of Theorem 4.1 follows from an
induction by the homology decomposition of the co-H-map f together
with Proposition 4.6 and the fact that cofiber of a co-H-map is a co-H-
space and the inclusion of the cofiber is a co-H-map.
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